Abstract. For an odd prime p and a number field F containing a pth root of unity, we study generalised Tate kernels, D [i,n] 
F , for i ∈ Z and n ≥ 1, having the properties that if i ≥ 2 and if either p does not divide i or µ p n ⊂ F then there are natural isomorphisms D
)/p n , and that they are periodic modulo a power of p which depends on F and n. Our main result is that if the Gross-Jaulent conjecture holds for (F, p) then there is a natural isomorphism D [ 
1,n] F
∼ =ẼF /p n whereẼ F is the Gross kernel. We apply this result to compute lower bounds for capitulation kernels in evenétale K-theory. 1 
Introduction
Let F be an algebraic number field containing the p-th roots of unity µ p for some odd prime number p. Let S be the set of p-adic primes of F and let O S F be the ring of S-integers in F . Let E/F be a Galois extension with group G. The goal of this paper is to better understand and to calculate lower bounds for the K-theory capitulation kernels Ker(f i ) where f i : Ké G is the natural functorial map. Our main results apply to the case where G is cyclic of degree p n .
We follow the strategy established by Assim and Movahhedi in [1] . Generalising a result of Kahn, [13] , they observe that, when G is a cyclic pgroup, Ker(f i ) and Coker(f i ) have the same order and, in the case where |G| = p, they describe this cokernel in terms of certain 'generalised Tate kernels' D (i)
F which are subgroups of F × . D (2) F is the classical Tate kernel; i.e the group C F = {a ∈ F × |{a, ζ p } = 0 in K 2 (F )}. Furthermore, Greenberg has shown that ifF denotes the compositum of the Z p -extensions of F and if
F ⊂ A F with equality if and only if Leopoldt's conjecture holds for (F, p).
In this paper we describe 'Tate kernels' D There exists a number m = m n (F ) ≥ 0 such that
F (j − i) whenever i ≡ j (mod p m ). Furthermore m = 0 if µ p r ⊂ F for sufficiently large r.
These groups, and variations on them, have been studied in a number of places. The central ideas go back to Tate, [20] , and property (2) (at least for i = 2) is implicit there. The periodicity property is essentially found in Greenberg's paper, [8] , but see also Assim and Movahhedi, [1] , Lemma 2.1 and Vauclair, [21] , section 4. The main contribution of the present paper is property (3), although it should be noted that a key step in the proof is Theorem 2.3 of Kolster, [15] . In particular, (3) implies that if F has only one p-adic prime then D
p . This, in conjunction with property (4), explains the theorem of Kersten, [14] , that if F = Q(ζ p r ) for sufficiently large r, then
Our result in this paper grew out of the attempt to understand this theorem of Kersten. The layout of the paper is as follows: In section 2, we introduce the Tate kernels and establish properties (1) , (3) and (4) . In section 3, we give a cohomological description of the Tate kernels and use this to establish property (2) , as well as to prove certain basic algebraic properties which have already been used section 2. In section 4 we show how to describe the groups Coker(f i ), when E/F is a cyclic p-extension, in terms of the Tate kernels and in the last two sections we apply these results to give lower bounds for Ker(f i ). In particular, in section 6, we deal with cyclic p-extensions in which there are no tamely-ramified primes. We exploit the relationship between the Gross kernel and the logarithmic class group to show (Theorem 6.8) that if E/F is a finite layer of the p-cyclotomic extension of F and if the Gross conjecture holds for (E, p), then for infinitely many i, |Ker(f i )| = |Ker(f 1 )| where f 1 is the natural functorial mapCl F → Cl G E of logarithmic class groups. We give examples both of cyclotomic and of non-cyclotomic extensions for which the Ker(f i ) are all non-trivial. Notation: For an abelian group A, A[n] and A/n denote the kernel and cokernel respectively of multiplication by n ∈ N . Div(A) denotes the maximal divisible subgroup of A. If R is an integral domain and M is an R-module, then tor R (M ) is the torsion submodule of M and Fr R (M ) = M/tor R (M ). For a field F , G F denotes its Galois group. The Tate module 
By the Pontryagin dual of the Z p -G F -module M we will mean the module
Generalised Tate Kernels
Everywhere below p is an odd prime, F is a number field containing the p-th roots of unity, µ p , and S = S p (F ) is the set of prime ideals lying over p. Let
be the group of p-power roots of unity in F . We will let F S /F be the maximal algebraic extension of F unramified outside the S and we will let G S F := Gal(F S /F ). As usual, Λ will denote the Iwasawa algebra
If we fix a topological generator, γ 0 , of Γ, then we get an isomorphism of topological
Kummer Theory gives a perfect duality pairing
determined by the formula
and n ≥ 1. Furthermore, each term is naturally a Γ-module and this pairing is compatible with the Γ-actions in the sense that (γ(α), γ(g)) = γ((α, g)) for all γ ∈ Γ, α ∈ K and g ∈ Gal(K/F ∞ ).
Observe that for all i ∈ Z,
Now let M be the maximal abelian pro-p extension of F ∞ which is unramified outside p. Let X = Gal(M/F ∞ ) and let M be the subgroup of K corresponding to X under the pairing (1); i.e. M is the orthogonal complement of Gal(K/M ) with respect to the pairing. There is thus an induced perfect pairing M × X → µ p ∞ . Let N be the complement of tor Λ (X), the maximal Λ-torsion submodule of X, with respect to this latter pairing. We also letÑ /F ∞ be the corresponding field extension (so that tor Λ (X) = Gal(M/Ñ )).
For each i ∈ Z we define the subgroups D
F for all i. F , i ≥ 2, but define them using K instead of N . However, as they observe, when i ≥ 2, this defines the same group. While the Λ-module K is, at first glance, a more natural object, there are advantages to using N in the definition of the groups D (i) F . In the first place, Iwasawa has proved some very strong results on the Λ-module structure of the dual group of N . Furthermore, using N instead of K, we get a sequence of groups with analogous properties defined for all i ∈ Z, including i = 1, which is the main focus of this paper.
Regarding the structure of N , the following is known: LetX = Fr Λ (X) = X/tor Λ (X) be the dual of N with respect to the Kummer pairing. Iwasawa, [9] Theorem 17, proved that there is a short exact sequence of Λ-modules
withH F finite. Greenberg, [8] , pointed out that the arguments of Iwasawa show thatH F is abstractly isomorphic to (in fact, Kummer dual to ) the group Ker(A S (F n ) → A S (F ∞ )) for all sufficiently large n. We will use this fact below. (Coates, [4] , also showed thatH F is abstractly isomorphic to
) for all sufficiently large n. For a more precise assertion about limits, see Kahn, [13] , Théorème 6.2.) We deduce the following well-known fact:
Proof. Taking the Γ-action into account, the Kummer pairing gives an isomorphism of Λ-modules
Twisting the exact sequence of Iwasawa by −1 − i, and using the fact that Λ(t) ∼ = Λ for all t ∈ Z, gives the exact sequence
Thus the natural mapX(
p has finite kernel and cokernel. Taking Pontryagin duals again, it follows that there is a map (Q p /Z p ) r 2 → N (i) Γ with finite kernel and cokernel.
As he pointed out, the analogous statement for t = 0 cannot possibly hold since Div(K Γ ) ⊃ F × ⊗ Q p /Z p which is a countable direct sum of copies of Q p /Z p . Note that if the conjecture is true for any given t ∈ Z, then it follows that D
Γ in terms of Galois cohomology (see section 3 below), Greenberg's conjecture is equivalent to Schneider's conjecture in [18] 
F is the classical Tate Kernel of F ; the group
Furthermore, when i = 0, Greenberg showed that
whereF 1 is the compositum of the first layers of the Z p -extensions of F . Thus, D (0) F ⊂ A F and Greenberg's conjecture in this case is that equality holds here. This is equivalent to Leopoldt's conjecture for the pair (
Our main interest in the groups D 
/p (for a generalisation, see Corollary 3.8 below). Before proceeding, we will introduce some more general 'Tate kernels': For each n ≥ 1, let Γ n = Gal(F ∞ /F n ) and let G n = Gal(F n /F ) = Γ/Γ n . Let Q i,n be the natural map
We define 
F for all i ∈ Z. We will prove below (see 3.8) that there is a natural isomorphism
Note that when i = 1, the natural map
Gn is an isomorphism. To see this, one can use the Kummer isomorphism
We let p e = p e F be the exponent of the groupH F . For all n ≥ 1, we will let m n = m n (F ) = max(0, e F + n − n F ). Observe that m n = 0 if there is an e ≥ 0 with p eH F = 0 and µ p e+n ⊂ F . Observe that m n (F m ) = 0 whenever m is suffiently large. Below we will also let m F denote m 1 (F ). Let κ : Γ → 1 + pZ p be the Teichmüller character of F ∞ /F and observe that, by definition of m n = m n (F ), for all γ ∈ Γ, κ(γ)
The following theorem is essentially due to Greenberg (see also [1] , Lemma 2.1):
Proof. The argument we give here is just an adaptation of the proof of [1] , Lemma 2.1, which treats the case n = 1 and m 1 = 0. That argument in turn is just a more explicit version of the sketch given by Greenberg in [8] .
Observe that since Γ acts trivially on Div(N (t) Γ )[p n ], the assertion simply concerns the equality of two subgroups of N (t). As noted above, N (t + 1) is Pontryagin-dual toX(−t), so that
, which is a finitely-generated Z p -module.
Hence Div(N (t+1) Γ ) is dual to Fr Zp X (−t)/TX(−t) and, finally, Div(N (t+
n . Therefore, we must prove that
as quotient groups ofX(i) whenever i ≡ j (mod p mn ).
Now, by the result of Iwasawa mentioned above there is a short exact sequence of Λ-modules
we obtain the exact sequence
The image of δ is the groupX
But this is precisely the
Therefore we must prove that whenever
Fix a topological generator, γ 0 , of Γ, so that the action of
and hence
Proof. Note first that the conditions on i and j guarantee that G n acts trivially on µ
The result now follows from the commutative diagram
In section 3 below we will see that if p does not divide i or if µ p n ⊂ F there is a short exact sequence
where
We now consider the structure of D [1,n] F . For general number fields, the identification of D [1,n] F is related to the Gross conjecture (as extended by Jaulent).
Let U S F be the group of S-units of F . The homomorphism
it follows that Ker(g F ) has rank r 2 + δ F . For more details see Sinnott, [6] and Kuzmin, [17] . The conjecture of Gross (as extended by Jaulent) is:
Jaulent has shown that this conjecture holds for all abelian fields. Kolster shows that if δ E = 0, then δ F = 0 for all subfields F of E. Following Jaulent, we will denote the Gross kernel Ker(g F ) byẼ F . It is also called the group of logarithmic units of F . Clearly, if the field F has only one p-adic prime, then it is trivially true that δ F = 0 . Thus, in this case, g F is the zero map andẼ F = U S F ⊗ Z p . In the next lemma and in the final section of this paper we will need the following result of Jaulent concerning logarithmic class groups: We will letCl F denote the logarithmic class group of F . (For the logarithmic class group, see Jaulent, [11] and [12] .) Thus there is an exact sequence
For a Galois extension E/F with Galois group G, we let f 1 be the natural functorial homomorphismCl
Theorem 2.6. Let E/F be a finite layer of the cyclotomic Z p -extension of F and let G = Gal(E/F ). Then
If the Gross conjecture holds for (F, p) these are finite groups of the same order.
Proof. This follows immediately by applying Jaulent's genus formula for the logarithmic class group ( [12] , Theoréme 4.5) to the special case of a p-cyclotomic extension, and using also Corollaire 3.7 (i) of the same paper.
The following lemma is an analogue for the Gross kernel of Iwasawa, [9] , Lemma 7 (which concerns the S-units).
Lemma 2.7. LetẼ F∞ = colim nẼFn . Then there is a short exact sequence
Proof. We begin by observing that (Ẽ Fn ) Γ =Ẽ F for all n. This can be seen by taking Γ-invariants of the commutative diagram with exact rows Note that the torsion submodule ofẼ
it is easy to verify that it is a free Z p -module). Now apply the exact functor G F∞ ⊗ Zp to the short exact sequence
to get the short exact sequence of Γ-modules
Taking Γ-invariants gives the long exact sequence
gives the short exact sequence we require. Finally, we must show that
However, by Theorem 2.6
is a torsion Z p -module andCl F is a finitely-generated Z p -module, the result follows.
As an immediate corollary, we have:
Theorem 2.9. 
Corollary 2.10. For any number field F containing µ p , D
with equality if and only if F has exactly one p-adic prime.
with equality when F has one p-adic prime.
Remark 2.11. In fact, Theorem 17 Iwasawa [9] implies that N ⊂ U S F∞ ⊗Q p /Z p and Lemma 7 of that paper implies that Div((U 
Proof. Since δ F = 0, we have
Thus there is a natural short exact sequence
On the other hand, since (
Thus we obtain a natural well-defined homomorphism D
n which is an isomorphism in view of the commutative diagram with exact rows 
Corollary 2.14. Suppose that F has exactly one p-adic prime.
p ⊂ A F and Leopoldt's conjecture holds for the field F if and only if there is equality.
Remark 2.15. Suppose that F has only one prime dividing p. ThenH F = 0 if Cl(F ){p} = 0, since under these hypotheses, F n /F is (totally) ramified at the unique p-adic prime and hence Cl(F n ){p} = 0 for all n. It can be shown futhermore (see Greenberg, [8] , p1241) that if F is a CMfield with only one prime dividing p and if Cl(F + ){p} = 0, thenH F = 0. If Vandiver's conjecture holds for the prime p, then this latter condition holds for the cyclotomic field F = Q(ζ p ) Example 2.16. Thus, for example, we can deduce the following theorem of Kersten: ( [14] ) If n is sufficiently large and F = Q(ζ p n ), then
( These fields have only one p-adic prime, so that D
(1)
p for all n. They are abelian fields and thus the Leopoldt conjecture hold for these fields and D 
Cohomological Interpretation of the Generalised Tate Kernels
Let E be any subfield of K which is Galois over F . (We are primarily interested in the two cases E = K and E =Ñ .) Let E ⊂ K be its dual with respect to the Kummer pairing. Let G = Gal(E/F ). Let Y = Gal(E/F ∞ ) so that there is a group extension
Thus there is a perfect duality pairing E × Y → µ p ∞ . Taking, the Γ-module structure into account, this gives a perfect pairing
Lemma 3.1. For all i ∈ Z, there are natural isomorphisms of Γ-modules
Proof. Since Y acts trivially on µ p n ⊂ F × ∞ for all n, we have
Lemma 3.2. (a) For i = 0, there is a natural isomorphism
(b) There is a (split) short exact sequence
Proof. (a) We begin with the observation (the 'Lemma of Tate'), that when
Thus, the sequence of terms of low degree of the spectral sequence associated to the extension (2) yields a natural isomorphism
Thus the sequence of terms of low degrees gives the short exact sequence
Consider now the sequences of coefficient modules
Let α n G be the composite homomorphism
associated to the sequence (3). Thus α n G is surjective. Let j n be the injective homomorphism
and there is a natural short exact sequence
where we define
Proof. Bringing the coefficient sequence
into play gives us the following commutative diagram with exact rows and columns:
The statement about the image of j n follows by diagram-chasing. For the second statement, observe first that for
. However, taking the maximal divisible subgroups and then p n -torsion subgroups of the split-exact sequence of Lemma 3.2 (b), now gives a short exact sequence
Proof. If µ p n ⊂ F , then F = F n and G n = 0 and the statement is trivial. Otherwise G n = 0. Let G F denote the absolute Galois group of F . The sequence of terms of low degree associated to the extension
Thus the proof concludes with the observation that if M is cyclic of order p n and if H is a nonzero subgroup of (Z/p n )
(On the other hand, if p|i then the map G n → Aut(µ ⊗i p n ) has a nonzero kernel and it is then easy to see that
Recall that Kummer Theory gives a natural isomorphism δ :
Corollary 3.5. LetH = Gal(Ñ /F ). If either p |i or µ p n ⊂ F the image of the natural injective map
Proof. Let H = Gal(K/F ). We begin with the observation that the natural map induces an isomorphism
The result then follows from the commutative diagram
together with Theorem 3.3.
suppose that Schneider's conjecture holds for i). LetẼ/F be a Galois extension containing N and letG = Gal(Ẽ/F ). Suppose that either µ p n ⊂ F or p |i. Then the natural restriction map induces an isomorphism
Proof. Let E/F be the largest sub-extension of K/F which is contained iñ E/F . Let G = Gal(E/F ). I claim that the restriction map induces an isomorphism
To see this observe that in the commmutative exact diagram
τ is injective and it is therefore sufficient to show that ρ is an isomorphism. Let K 0 = Ker(G → G). Then ρ fits into the exact sequence
and it suffices to show that ψ is the zero map.
This proves the claim. Let now E be the dual of Y = Gal(E/F ∞ ). Thus N ⊂ E ⊂ K and hence Div(
Γ ) so that we get the commutative diagram with exact rows
Now let G S F denote the Galois group of the maximal algebraic extension of F which is unramified outside S.
Corollary 3.8. Let i ≥ 2 and suppose that either µ p n ⊂ F or p |i. There are natural isomorphisms
Proof. As remarked above, Div(
Furthermore, theétale K-theory groups Ké 
Capitulation Kernels: General Results
Let E/F be a Galois extension of number fields, with Galois group G. As in [1] , f i (i ≥ 2) denotes the natural functorial homomorphism Ké
From [1] , Propositions 1.1 (which is based on the work of B. Kahn, [13] ) and the remarks that follow it, we have:
Corollary 4.2. Let E/F be cyclic of degree p n . Suppose that µ p n ⊂ F or that p does not divide i. Then
Proof. We have a commutative diagram
In particular, we get the following result of Assim and Movahhedi:
Corollary 4.4. Let E/F be cyclic of degree p n . Suppose that the Gross conjecture holds for (E, p).
If E has only one p-adic prime, then
Proof. By Corollary 2.12 we have a commutative diagram
and the result follows since p nẼ F ⊂ N E/F (Ẽ E ) and µ
is a trivial Galoismodule.
Capitulation Kernels: Tamely Ramified p-extensions
For a number field F (containing µ p ) we will set
It can also be shown that C F ⊂ B F . More generally, we have:
F . Let ζ p be a pth root of unity in F . Then a ⊗ ζ
is unramified outside p since M/F is ramified only at p-adic primes.
Suppose now that W is any subgroup of B F containing (
Thus, Kummer theory gives a perfect pairing of F p -vectorspaces:
Let E/F be a cyclic degree p extension. Let S ram (E/F ) be the set of primes of F which ramify in this extension. Let H W = H W (E/F ) be the subspace of G W spanned by the set
Theorem 5.2. Suppose that E/F is a cyclic extension of degree p and that W is a subgroup of
with equality if F has exactly one p-adic prime.
Proof. We follow closely the argument of Assim and Movahhedi, ( [1] ) which deals with the case W = A F .
In fact we will show that the complement, H 
). This is equivalent to the statement
which, in turn, is equivalent to the statement
and hence to the statement
Suppose, then, that there is a non-p-adic prime v which is inert in K = F ( p √ w) and ramified in E/F . By Kummer Theory, E = F ( 
is an unramified extension since v ∈ S p (F ) and w ∈ B F , and hence is the unique cyclic degree p unramified extension of F v . It follows that E u /F v is ramified; i.e., v ramifies in E but is inert in K as required.
Proof. We have D
F for all i with i ≡ j (mod p m ). Thus, for i ≥ 2 and i ≡ j (mod p m ) we thus have
Corollary 5.4. Suppose that E/F is a cyclic degree p extension and that F has exactly one p-adic prime. Let m = max(m F , m E ). Then
where t = t U S F (E/F ).
Remark 5.5. Observe that given a subgroup, W , of B F , containing (F × ) p , t W = t W (E/F ) is the maximal size of a set {v 1 , . . . , v t } of non-p-adic primes ramifying in E and such that σ v 1 , . . . , σ vt is linearly independent in Gal(F (
, the compositum of the first layers of the Z p -extensions of F , and the set {v 1 , . . . , v t } ∪ S p is said to be primitive for (F, p) (see [7] ).
For other subgroups
F any i, etc) we can use the term W -primitive for (F, p) . Thus the number t in the last corollary is the maximal number of tamely-ramified primes in E/F which belong to a U S F -primitive set for (F, p). Corollary 5.6. Suppose that Leopoldt's conjecture holds for (F, p). Suppose that E/F is cyclic of degree p. Let m = max(m F , m E ). Then
where t denotes the maximal number of tamely-ramified primes in E/F belonging to a primitive set for (F, p).
Proof. Since Leopoldt's conjecture holds, we have D
Capitulation Kernels: Wildly Ramified Extensions
The results of the last section give no information about the situation in which there are no tamely-ramified primes. The lower bounds obtained depend on the index [D
However, when there is no tame ramification we have: Lemma 6.1. Suppose that the field F has exactly one p-adic prime and that E/F is a cyclic degree p extension in which all non-p-adic primes are unramified. Then
Corollary 6.2. Suppose that the field F has exactly one p-adic prime and that E/F is a cyclic degree p extension in which all non-p-adic primes are unramified. Then D
Vandiver's conjecture implies that the groups Ké 
E for all i, j ∈ Z. It follows that, for any i,
F for all j and hence
Let E/F be a cyclic extension of degree p with Galois group G.
spanned by the Frobenius automorphisms of those non p-adic primes which ramify in E/F . Let H(E/F ) * be the dual vectorspace.
Theorem 6.5. Suppose that E has exactly one p-adic prime. Let m = max(m F , m E ). Let t be the number of non p-adic primes of F which ramify in E.
Then for all i ≡ 1 (mod p m ) with i ≥ 2, there is a exact sequence
Proof. Let f 1 be the functorial homomorphism Cl S (F ) → 1 to the corresponding sequence for E, by taking G-invariants and then applying the snake lemma, one obtains an exact sequence 
Since G is cyclic, the right-hand side is just
.
However, by our assumptions on E, F and m, we have D Remark 6.7. If E or F have more than one p-adic prime then we need to replace U S F byẼ F , of course, and the S-class group A S (F ) should be replaced by the logarithmic class groupCl F . In these circumstances there is an analogous exact sequence relating the cohomology of the logarithmic units to the kernel and cokernel of the natural functorial homomorphism
For details of this sequence and of the logarithmic class group, see the article of Jaulent, [12] . However, the cohomology of the groupDl E of logarithmic divisors is somewhat more complicated than the cohomology of the group I S E of S-divisors.
However, in the particular case of a finite layer of the p-cyclotomic extension of F we have: Proof. The hypothesis on ramification implies, via classfield theory, that the norm map A S (E) → A S (F ) is surjective. Consider the short exact sequence (defining K) of G-modules
Taking G-invariants gives the exact sequence
since G is cyclic and K is a finite G-module.
Corollary 6.10. Suppose that F has exactly one p-adic prime and that E/F is cyclic degree p ramified at the p-adic prime and at no other prime. and hence |u| = 1. The same holds for all conjugates of u since E is a CM-field, and thus u ⊗ 1 ∈ µ(E) [1/2] . Thus, in our situation, Ker(f S 1 ) ∼ = H 1 (G, µ p ∞ (E)) = H 1 (G, µ p ∞ (F )) = Hom(G, µ p ∞ (F )) is a group of order p (and, in particular, A S (F ) = 0). We conclude that |Ker(f i )| ≥ p for all i ≥ 2.
Example 6.12. A special case of the last example is the following: Let p be an irregular prime for which Vandiver's conjecture holds. Let F = Q(ζ p ). We are supposing that Cl(F + ){p} = 0, but Cl(F ){p} = A S (F ) = 0. Under these hypotheses, there exists a cyclic degree p extension E /F + which is unramified outside p and is not equal to the extension Q(ζ p 2 ) + /F + (Washington, [22] , Proposition 10.13). Let E = E (ζ p ) (and thus E = E + ). So the hypotheses of Example 6.11 hold for E/F and Ker(f i ) = 0 for all i ≥ 2.
